NURBS-based isogeometric analysis was first extended to thin shell/membrane structures which allows for finite membrane stretching as well as large deflection and bending strain. The assumed non-linear kinematics employs the Kirchhoff-Love shell theory to describe the mechanical behaviour of thin to ultrathin structures. The displacement fields are interpolated from the displacements of control points only, and no rotational degrees of freedom are used at control points. Due to the high order k C (k ≥ 1) continuity of NURBS shape functions the Kirchhoff-Love theory can be seamlessly implemented. An explicit time integration scheme is used to compute the transient response of membrane structures to time-domain excitations, and a dynamic relaxation method is employed to obtain steady-state solutions. The versatility and good performance of the present formulation is demonstrated with the aid of a number of test cases, including a square membrane strip under static pressure, the inflation of a spherical shell under internal pressure, the inflation of a square airbag and the inflation of a rubber balloon. The mechanical contribution of the bending stiffness is also evaluated.
Introduction
Thin membrane structures are ubiquitous in Nature from the lipid membrane of animal cells, virus shells, wings of flying insects, through the pleura (lung membrane), the vitelline membrane in eggs, the placenta of mammals, to the heart valves and the skin. A key feature of membrane structures is their high slenderness ratio and their ability to resist significant membrane stress whilst minimising their weight [1] . Due to their extreme efficiency in addressing particular types of environments and achieving outstanding functionalities, engineered membrane structures are also used for a wide range of applications such as building fabric structures (e.g. exhibition pavilions, permanent roofing structures), bioprosthetics (e.g. artificial heart valves), biomimetic (e.g. flying robots, artificial jelly-fish propulsion systems) and deployable structures (e.g. airbag, parachute, landing system of Mars Rover) [2, 3] . The large slenderness associated with membrane structures means that the structural bending stiffness is generally very small and even negligible [1, 4] . In the latter case, stress states characterised by negative principal components are not admissible. As a result, large deformations such as ballooning, local wrinkling or folding are produced to minimise the potential energy of the system [5] The mechanical response of these very thin shell/membrane structures is more naturally described by the Kirchhoff-Love shell theory [6] [7] [8] incorporating membrane strains and change in curvature due to bending rather than full three-dimensional constitutive theories or Reissner-Mindlin shell theory [1] which include transverse shear stress. The accurate modelling of such thin structures under large deflection, rotation and strain is essential for understanding the mechanics of biological membranes (here, membrane refers to the biological meaning) [9] [10] [11] which is one of the motivations for the present study. The only practical way to analyse membrane structures featuring complex geometries is to use numerical methods such as the finite element method (FEM) [12] [13] [14] [15] [16] [17] . The robust numerical simulation of membrane structures for arbitrary kinematics and non-linear constitutive laws is a challenging research area. Moreover, for practical applications, the design of membrane structures could be significantly streamlined by tying computer-aided design (CAD) and analysis together. Although the situation is rapidly evolving since the visionary work of Hughes et al. [18] , engineering design and numerical analysis are traditionally not tightly integrated. The typical situation in engineering practice is that designs are encapsulated in computer-aided design (CAD) systems which are subsequently converted into finite element meshes through a, generally, time-consuming process which can be done at best semi-automatically. It is estimated that about 80% of overall analysis time is devoted to mesh generation in a number of industries such aerospace or automotive [19] . An important point for the computational analysis of Kirchhoff-Love shells is that 1 C continuity is required between elements [6, 7, 20, 21] as curvature is a function of the second derivatives of the displacement, which is rather difficult to achieve for free-form geometries when using polynomial basis functions [6] . These polynomial shape functions, when applicable, introduce undesirably high order polynomials with inherent disadvantages such as oscillations in the discrete solution and costly numerical integration (see, e.g. references [20, 21] , among many others). The computational burden associated with these approaches is particularly onerous in the presence of strong gradients in the solution and/or in the case of costly stress-update procedures at the quadrature-point level. Rabzcuk et al. developed mesh-free thin shell element formulations accounting for large deformations and fracture within partition of unity-enrichment [22, 23] . Only the shell mid-surface was discretised (not the director field) and no rotational degrees of freedom were used. Rabzcuk et al. [24] later extended their mesh-free approach to model fracture arising from fluid-structure interactions. Millán et al. [25] developed a robust automatic method based on smooth mesh-free maximum-entropy approximants to circumvent global parameterisation of surfaces of complex geometry and topology. The technique was applied to geometrically-exact thin shell problems. This method was recently extended by Millán et al. [26] to address shortcomings arising from overlapping of patches which resulted in redundant numerical quadrature, and so, computational cost. Recently, the idea of using non-uniform rational B-Splines (NURBS) [27] as basis functions for analysis was introduced by Hughes et al. [18, 19] , and was named isogeometric analysis. In isogeometric analysis, the functions for the geometry description are used as basis functions for the analysis. Thus, the analysis works on a geometrically exact model. This offers the possibility to close the existing gap between design and analysis by merging design geometry and analysis model. It was demonstrated that not only were NURBS applicable to engineering analysis, but that they were better suited for many applications, and were able to deliver accuracy superior to standard finite elements (see, e.g., [28] [29] [30] [31] [32] [33] [34] [35] [36] ). Subdivision surfaces and, more recently, T-Splines [37, 38] and PHT-Splines [39] [40] [41] , were also successfully employed in isogeometric analysis contexts. More importantly, NURBS are smooth, higher order functions which are used for geometric design and have become standard in CAD (computer aided design) programs. They allow great geometric flexibility and high order continuities at the same time. NURBS are therefore ideally suited as basis functions for Kirchhoff-Love shell [20, [41] [42] [43] . Making use of these significant properties, Kiendl et al. [42, 43] developed a NURBS-based isogeometric Kirchhoff-Love shell which can capture both geometrically linear and non-linear deformations. However, only preliminary results were reported in their non-linear analysis. Further, Kiendl et al.'s non-linear analysis was solved using an implicit method. As highlighted earlier in this section, the bending stiffness of membrane structures is in general extremely small and is often assumed to be negligible. In that case, difficulties arise in incremental-type solution procedures, due to the fact that the vanishing bending stiffness leads to an ill-conditioned or even singular stiffness matrix, which renders implicit-based methods difficult or unable to converge [4] . In the present study, a framework for explicit NURBS-based isogeometric analysis for thin to ultra-thin shell/membrane structures, valid for arbitrary kinematics (finite deformations and strains) is developed. Both membrane strains and bending stiffness are considered using the Kirchhoff-Love assumption. The displacement fields are interpolated from the displacements of control points only, and no rotational degrees of freedom are used at control points. Due to the high order k C (k ≥ 1) continuity of NURBS shape functions the Kirchhoff-Love theory can be seamlessly implemented. An explicit time integration scheme [44] is used to compute the transient response of the membrane structures to time-domain excitations, and a dynamic relaxation method [17, 45, 46] is employed to obtain steady-state solutions. The performance of the current isogeometric formulation and implementation is assessed through a series of examples featuring elastic and hyperelastic materials, and also compared to analytical, experimental and "traditional" (i.e. based on Lagrange polynomial interpolation functions) finite element analyses. The influence of the mechanical contribution of the bending stiffness to the general behaviour of the thin shell structure is also assessed.
A brief on NURBS-based isogeometric analysis
Non-uniform rational B-Splines (NURBS) are a standard tool for describing and modelling curves and surfaces in computer-aided design and graphics (e.g. see Piegl and Tiller [27] ). In this section, we give a brief overview of NURBS-based isogeometric analysis (NURBS IGA), for which an extensive account has already been given in Hughes et al. [18] , Cottrell et al. [19] and Nguyen et al. [47] . B-Splines are piecewise polynomial curves composed of linear combinations of B-Spline basis functions. The function coefficients are points in space, referred to as control points. A knot vector X is a set of nondecreasing real numbers representing coordinates in the parametric space of the curve:
where p is the order of the B-Spline and n is the number of basis functions (and control points). [27] . In a B-Spline with an open knot vector the first and the last control points are interpolated and the curve is tangential to the control polygon at the start and the end of the curve. Such open knot vectors are assumed for the remainder of this text.
Given a knot vector X , the B-Spline basis functions are defined recursively starting with 0 p = (piecewise constants):
the basis is defined by the Cox-de Boor recursion formula:
Using tensor products, B-Spline surfaces can be constructed starting from knot vectors 
The patch for the surface is now the domain 1 
, the familiar finite element notation is recovered, namely:
n m 
Kinematics of thin shells
In this section, the basic kinematic equations of thin shell/membrane structures are introduced. Generally, the mechanical response of membranes is naturally described by the Kirchhoff-Love shell theory [1, [6] [7] [8] augmented by the hypothesis of negligible bending stiffness. The Kirchhoff-Love shell theory accounts for membrane and bending strains which respectively arise from change of length and curvature. When the slenderness ratio of a shell structure is very large, the bending stiffness can be neglected and the equations collapse to those of a membrane. In the present study it was decided to implement an isogeometric very thin shell and assess the effect of accounting or not for the bending stiffness. The kinematics of a thin shell, schematised in Figure 2 , can be described by considering its mid-surface section as a Cosserat plane  and a third coordinate
, representing the algebraic distance to the shell mid-surface along its normal fibre where h is the thickness of the shell. The mapping of the shell mid-surface is parameterised using surface curvilinear coordinates G , and whose deformed mid-surface occupies a domain W with boundary G , the position vector of a material point in the geometry is given by:
where 0 F and F correspond to the position vector of a material point associated with the convective coordinates 1 2 3 ( , , ) x x x within the shell, respectively, in its undeformed and deformed configurations. two configurations is characterised by the two-point deformation gradient:
;
defining the covariant basis vectors ;
where i j d is the Kronecker delta. For subsequent developments, the co-and contravariant metric tensors are also respectively defined by equations (13) and (14):
Using these definitions the deformation gradient can be rewritten as:
where the unit vector t remains always perpendicular to ,  x (similarly, 0 t is perpendicular to
due to the assumption of Kirchhoff-Love that neglects transverse shear deformations, with:
If one defines the surface Jacobians 0 j and j as:
the derivative of the shell director t follows from equation (12) as:
The Jacobian of this deformation mapping is denoted by:
The Green-Lagrange strain tensor is given by:
where I is the identity tensor. Ignoring the effect of a change in the shell thickness on the deformation gradient accounted by the term 0 3 Ä t g as well as the terms of order 3 x ³ , in index notation, E can be written as:
where the co-and contravariant metric and curvature tensors of the surface are given by:
Weak form of the linear momentum equation
The weak form of the linear momentum equation is written using the principle of virtual power (see e.g., Belytschko et al. [44] ): it consists in finding Î x  ( 2 H is the space of square-integrable functions) such that:
where:
and
where u is the deformation vector, d denotes variations, ext P is the external energy, int P designates the internal energy, and kin P the kinetic energy [44] . t is the Kirchhoff stress tensor, 0 r is the density, 0 q is the external body load per unit area and 0 p is the forces per unit length of the boundary of the undeformed mid-surface; superposed dots denote material time derivatives. Following Simo and Fox [8] and Simo et al. [7] , the integration through the thickness of the Kirchhoff stress tensor t leads to the definitions:
Substituting equations (29), (30) and (31) into equation (24) yields:
Since the Kirchhoff-Love assumption requires that ,
, the deformation gradient (equation (9)) has null components along 3 a and 3a in the convected basis. Therefore, for elasticity, the Kirchhoff stress tensor components read:
and the resultant vectors can be rewritten as:
where a n corresponds to the resultant membrane stress vectors, a m  the resultant bending stress (torque) vectors and l the resultant across-the-thickness stress vector. To demonstrate the stability of the linearised form, new definitions are introduced, see [7, 8] for details. Since ,
, the gradient of the unit normal vector can be expressed in the mid-surface convected basis as:
Similarly, in order to define the stress components, the resultant stress vectors are decomposed in this midsurface convected basis as:
Since the Cauchy stress tensor is symmetric, the following expression holds:
, ,
and can be satisfied by enforcing the symmetry of the effective membrane stress resultant tensor, i.e.:
From equations (38), (39), (40) and (42), the effective membrane stress resultant ij n  can be obtained by: 
and by:
which are respectively the membrane effective stresses, effective transverse shear, effective symmetric shear and effective across-the-thickness normal stress. Since Kirchhoff-Love shells are assumed to be in a state of plane stress [1] , the following expression holds:
For a linear elastic material, the resultant effective membrane stress and bending stress can be expressed by [7, 8] : 
 is the constitutive tensor of the isotropic St. Venant-Kirchhoff material under the plane stress condition, in which E is the Young's modulus and v is the Poisson's ratio. Substituting equations (38)- (46) into the internal energy of equation (32) and linearising the non-linear model, then: 
where: 
(
in which.
x . Correspondingly, equation (48) can be rewritten in a compact form as:
Non-linear elastic constitutive law
In addition to the linear elastic material for which constitutive equations were established in the previous section using an Eulerian viewpoint, the present IGA framework includes a non-linear elastic (hyperelastic) constitutive law, for which, however, the second Piola-Kirchhoff membrane stress S are alternatively utilised for this purpose.
As an example of hyperelastic behaviour, herein, we consider an Ogden material [48] whose behaviour is characterised by a strain energy density W that is an isotropic function of the principal stretches i l , and is written as
where r m and r a are constants. The exponents r a may take any non-zero real value. The summation on r extends over as many terms as are necessary to characterise a particular material. Using the incompressibility constraint 
The second Piola-Kirchhoff stress tensor S follows from differentiation of W with respect to the work conjugate Green-Lagrange strain tensor. Using the chain rule the components of S are given by
Owing to the plane stress assumption the stresses 3 S a are vanishing. Next, we define the principal values r S , of the Second Piola-Kirchhoff stress tensor:
The Kirchhoff stress can be obtained by standard push-forward operation on S [49] :
4. Implementation
Dynamic relaxation method
In order to obtain solutions of the shell/membrane structures at steady state, a dynamic relaxation method [17, 46] is employed and combined with a central difference explicit time integration algorithm [46] . Firstly, one can formulate the discrete equations of motion of a structure as follows:
subject to:
where u  and u  are the acceleration and velocity vectors in the global Cartesian coordinates, M is the lumped mass matrix.
is the i-th velocity boundary condition at time t , and bc n is the number of boundary conditions. int f , ext f and damping f are respectively the internal, external and damping force vectors. In the present research, the following form is adopted for damping f [17] .
where m is a positive damping coefficient. It is noteworthy that, here, the damping is not a physical parameter (generally associated with material viscosity and strain rate effects). The damping force in equation (59) is used to artificially dissipate the kinetic energy so that a steady state solution of the membrane structure can be obtained relatively quickly whilst minimising the potential influence of the transient response (inertial forces) on the final sought quasi-static solution. Hence, the selection of a positive damping coefficient m in the present research is not required, and the empirical value of the damping coefficient only affects the total number of time steps to reach the steady state.
Discretisation and evaluation of the residual and mass matrices
The assumed large deformation kinematics employs the Kirchhoff-Love theory to describe the mechanical behaviour of shells. The displacement fields are interpolated from the displacements of control points only, and no rotational degrees of freedom are used at control points. This leads to a particularly simple representation that can be expressed by: 
Remark about continuity:
In theory, the
k C k ³ continuity of NURBS shape functions with order 2 p ³ is ensured. The displacement field is guaranteed to be 2 H , i.e. to be square-integrable and to have first and second squareintegrable derivatives. In consequence, the interpolated displacement fields have a finite Kirchoff-Love energy. The proposed interpolation scheme is of continuity strictly higher than 1 C and therefore meets the convergence requirements of the displacement method, thereby side-stepping the difficulties associated with the use of 0 C methods in the limit of vanishing shell thickness [20] . Introduction of the discretisation scheme (equation (60)) into the weak form of equation (24) yields a semi-discrete system of equations of the form:
where the internal forces are expressed as:
As in the standard finite element method, the global internal force array is the sum of NURBS-based element contributions, each of which entails the computation of an integral extended to the domain of one element, as:
where e N is the number of NURBS based elements in the problem domain. m B and b B are respectively the membrane and bending-stain matrices that take the form: x , the linear membrane and bending strain measures can be derived from the kinematic variables in equations. (22) and (23) as: B , can be computed as: 
In the above expressions, 1 2 , e e and 3 e are the global basis vectors of an orthonormal coordinate frame, and: 
where Gauss N is the number of Gauss points used in each segment, 1 2 ( , )
G G x x are the surface coordinates of the Gauss points of the element and G w is the corresponding Gaussian quadrature weight. We additionally compute the effective stress resultants n  and m  using equation (49) . The mass matrix follows likewise as:
Numerical procedure
The detailed procedure to solve the equations of motion using the dynamic relaxation method (see section 4.1) based on the central difference explicit time integration algorithm with constant time step is given as follows: Loop over all the NURBS elements 
Critical time step
where, e  is the characteristic length of the element e , e c is the wave speed in element e , and a is a reduction factor that accounts for the destabilising effects of non-linearities. a can be typically chosen as 0.8, 0.98 a é ù Î ê ú ë û
. In this work, the constant sound speed for plane stress problems is evaluated using:
Furthermore, the present research mainly focuses on the accuracy in terms of the steady state solutions solved using a dynamic relaxation scheme. At the steady state, the kinetic energy of the structure is dissipated and the choice of the density has little influence on the steady state solutions in terms of displacement and strain energy for path-independent and rate-independent hyperelastic materials. A faster convergence procedure can therefore be obtained by increasing the density which has the effect of enabling the use of larger critical time step crit t D .
Numerical examples
The NURBS-based isogeometric thin shell described in the previous section was tested through a series of benchmark examples. Figure 3 . An appealing feature of the problem under consideration is that it is directly comparable to a reference solution that originates from the experimental work described in Shi et al. [50] . Moreover, this example was studied previously using other approaches such as a theoretical model with linear assumptions [51] , and finite element analyses using the commercial code ABAQUS (Simulia, Dassault Systèmes, Providence, RI, USA) [52] . The corresponding results are thus given for comparison. In addition to the experimental solutions, other reference solutions are calculated using 3-noded thin shell elements (type S3) available in the element library of ABAQUS. In this instance a very fine mesh consisting of 75 209 nodes and 149 784 elements is used. The numerical solution obtained from ABAQUS is herein referred as the "reference solution" while the experimental one is referred as the "experimental solution". These two sets of results provide a convenient basis for the assessment of the accuracy and convergence properties of the present isogeometric analysis. Using a slightly abusive terminology, finite element models based on Lagrange polynomial shape functions are herein referred to "FEM" models.
Example 1-Square membrane under static pressure
In the present numerical scheme, the NURBS IGA model with both zero bending stiffness (NURBS IGA/Membrane) and non-zero bending stiffness (NURBS IGA/Shell) are included. A constant sub-critical time step
is employed. Meshes of quadratic, cubic and quartic (p = 2, 3, and 4) NURBS surface elements with different levels of k-type refinement (3×3, 6×6, 12×12 and 24×24) [18] are considered in the computations. These four levels of refinement are depicted in Figure 4 . Note that p+1 Gauss points in each in-plane direction (for each knot interval) are used, unless specified otherwise. Figure 3) .
Effect of the bending stiffness
In this study, quadratic (p = 2) NURBS surface elements are utilised. It is clearly observed that the difference between the NURBS IGA/Membrane and the NURBS IGA/Shell discretisations can be considered negligible, regardless of the mesh density, which means the membrane stiffness is much larger than its bending counterpart. Consequently, in the following two examples the membrane structures will only account for membrane stiffness, therefore neglecting the effects of the bending stiffness.
Mesh convergence study
A mesh convergence analysis is carried out in order to demonstrate the stability of the present membrane analysis. Figure 5 illustrates the convergence status of the maximum deflections of the membrane at steady state under k-refinement on meshes using the NURBS IGA/Membrane model. Additionally, the data corresponding to Figure 5 are tabulated in Table 1 . As before, quadratic (p = 2) NURBS surface elements are still employed here. Clearly, although the coarsest mesh of 3×3 elements exhibits some locking, both the excellent accuracy and the general trend towards convergence are noteworthy in this figure. Furthermore, one can clearly observe that the maximum deflection properly converges to the corresponding reference solution as mesh refinement for the NURBS IGA/Shell method is increased, with a convergence rate ( c R ), in terms of the error of 
Accuracy study
In order to investigate the accuracy of the NURBS-based shell/membrane formulation, the maximum deflections of the membrane calculated from the numerical and theoretical models and obtained from the experiments are compared in Figure 6 and Table 4 . A set of typical deformed contour plots of the membrane calculated using the NURBS IGA/Membrane model under a pressure 100 Pa int p = is plotted on Figure 7 . We compare the deflections at points D 1 to D 8 along the diagonal and E 1 to E 8 along the edge under a typical pressure 100 Pa int p = . The corresponding results are listed in Table 2  Theoretical model with (geometrically/materially) linear assumption  Experimental observations [50] . The deflections from the NURBS IGA models are comparable to those of their FEM counterparts whatever the pressure applied, although the number of DOFs in the NURBS IGA case is only 1/80 of the that in the FEM models. It is noteworthy that for the 50, 100 and 150 Pa pressures the present NURBS IGA models apparently perform better than the FEM models. The deflections from the numerical models, considering geometric non-linearities, all closely approximate the corresponding experimental solutions when the pressure is large enough int 50, 100, 150 Pa p = , while the results from the linear theoretical model match the experimental ones well if int 25 Pa p = . These findings suggest that it is necessary to account for the large deformation to simulate membrane structures, which is also in accordance to the objective of the present work.
It should be emphasised that the computational cost per degree of freedom was not compared since the implementations are drastically different. It is however expected that the NURBS-based elements are more expensive than their Lagrange counterparts.
Effect of surface order
The influence of NURBS surface representation order is also investigated. Figure 9 presents convergence of the maximum deflection against the surface order p=2, 3 and 4 for 3×3 NURBS elements under a pressure of p int =100 Pa, and the data are listed in Table 5 . Evidently, the trend towards convergence with increase of surface order is clearly exhibited.
Example 2 -Inflation of a spherical membrane structure under internal pressure
The next example consists of the dynamic inflation of a spherical membrane (radius 1 .0 m r = ) under a uniform internal pressure (Figure 10-a) . The material properties are as follows: Young's modulus (steady-state) solved by the above numerical models with different mesh settings. Table 6 lists the computed average radii r at steady state for different mesh configurations. The pressure driven NURBS IGA solutions are clearly comparable to those obtained using a standard Lagrange-based interpolation for the discretisation, although the average radii for the NURBS IGA seems to be converging to a value that is over 5% greater than that computed by Lagrange-based FEM, probably due to the "over-stiff" behaviour of linear 3-node triangular elements employed in the Lagrange-based FEM. It is worth noting that, much fewer DOFs are employed in the NURBS IGA computations to reach a similar degree of mesh convergence (Figure 11 and Figure 12) . The clear advantage of NURBS IGA ability to capture exact geometries independently of the level of mesh refinement is in stark contrast with the traditional FEM approaches (Figure 11 ).
Example 3 -Inflation of a square airbag
In this example, we apply the NURBS IGA membrane element to the problem of inflation of a square airbag (with an edge length The membrane is assumed to be at rest in the undeformed configuration (null initial velocity everywhere). The functional form of the internal pressure ( ) int p t applied to the internal surface of the airbag is the same as that described in the previous section (equation (77)) where 0.01 P a/s k = and max 0.01Pa p = . The steady-state solutions are achieved using the previously described dynamic relaxation scheme with a constant time step 3 10 s t -D =
. As for the previous example, meshes of 3×3, 6×6, and 12×12 quadratic NURBS surface elements are employed to analyse the problem of inflation of the square airbag. Again, the solutions calculated using FEM 3-noded membrane element models featuring 2, 784, 6, 192 , and 17,304 elements are provided for comparison with the NURBS IGA Membrane models. Figure 14 shows the deformed shape of the square airbag at different stages of the inflation process, solved by the NURBS IGA with 6×6 quadratic surface elements.
The deformed configurations clearly show the local buckling of the membrane surface due to the in-plane compression, which leads to the wrinkles that appear at the edges of the airbag. Figure 15 plots the deformed shapes of the square airbag at steady state for different mesh configurations (3×3, 6×6, and 12×12). As intuitively expected, coarse meshes inhibit wrinkle formation. Conversely, mesh refinement is accompanied by an increase in the fineness (increase frequency) of the wrinkle pattern. The characteristic wavelength of the wrinkles is related to the element size, i.e., smaller element size produces smaller wavelength of the wrinkles. This phenomenon was also observed in various studies [16, 17, 20, 45, 54] . By way of example, Figure 16 shows the computed maximum displacement at the centre of the airbag as a function of the number of degrees of freedom. It is found again that the maximum deflection quickly reaches convergence as the number of degrees of freedom is increased. Table 7 compares the computed maximum displacement at steady state for the NURBS IGA and the FEM models, with different mesh configurations. The good agreement between the two solutions is evident from this table.
Example 4 -Inflation of a hyperelastic balloon
We conclude this section with an example of the inflation of a rubber hyperelastic ballon, loaded by an internal pressure int p . This problem, which shows an instability, is amenable to analytical solution [55] , and, therefore, provides a convenient basis for the assessment of the present NURBS IGA membrane element in handling hyperelasticity. Due to the equibiaxial deformation, two of the principal stretches lay on the plane tangential to the sphere and are equal to the radial stretch:
, where 0 R is the radius of the undeformed middle surface of the shell, R is the corresponding radius for the deformed shell. The relation between the internal pressure and the radial stretch are then given by
Where H and 0 H are the current and initial balloon thicknesses, respectively, q s corresponds to the hoop stress, and W is the strain-energy density of the material per unit undeformed volume. Substituting equation (55) 
Other material parameters are density is employed. As before, meshes of 3×3, 6×6, and 12×12 quadratic NURBS surface elements are employed to analyse the finite deformation process of this hyperelastic balloon inflation. Figure 17 shows the computed radial stretch against the number of degrees of freedom. The good accuracy and the general trend towards convergence are clearly found in this figure.
Conclusions
An explicit NURBS-based isogeometric (NURBS IGA) framework for thin structures complying with the Kirchhoff-Love assumption was developed to solve the static/dynamic equilibrium equations for membrane structures undergoing arbitrary deformations. Both membrane and bending stiffnesses are accounted for in the theoretical and computational formulations so that the framework is applicable to thin to ultra-thin shells and pure membranes. The displacement field is interpolated from the control points of the NURBSbased mid-surface of the thin structure. The normal to the mid-surface is fully determined from the surface curvilinear coordinates of the mid-surface so that no rotational degrees of freedom are required.
The dynamic relaxation method was shown to be an efficient means to obtain steady state solutions whilst benefiting of the advantages of an explicit scheme in dealing with highly geometrically non-linear problems. Through the formulations and numerical examples, the following conclusions can be drawn:
(1) The NURBS IGA solutions are found to be comparable to those of their FEM counterparts, particularly for large deformation of membrane structures, with the advantage of a much reduced number of degrees of freedom and an exact geometry independent of the NURBS mesh.
(2) Due to the high order k C continuity ( 1) k ³ in NURBS shape functions, the non-linear IGA solutions are guaranteed to converge with mesh k-refinement, thereby side-stepping the difficulties associated with the use of 0 C methods.
(3) Analysis of NURBS-based thin shell/membrane structures can be readily done for complex geometries (provided they lend themselves to a tensor product form within a multi-patch framework) due to the direct link between geometry and discretisation that does not require any time-consuming (i.e. human-operated) meshing process compared to the traditional FEM approaches.
(4) The solutions to the airbag inflation problem presented here highlighted the potential offered by isogeometric membrane formulations to simulate wrinkling and folding of membrane structures which have been widely observed in Nature and have recently received much attention in the literature [5, [56] [57] [58] [59] [60] . Addressing the dynamics of biological membranes is also key in unravelling biomimetic principles. For example, the hydrodynamic motion strategies of microorganisms such as euglenoids which rely on oscillatory deformations of their enclosing membrane could lead to the development of engineered "micro-swimmers" [61] .
(5) A simple non-linear elastic material model (Ogden's formulation) was implemented in the present IGA framework. The implementation of more suitable anisotropic hyperelastic models to represent the passive and adaptive behaviour of biological membrane structures [10, 55, 62, 63] in the present IGA framework is under way. Figure 10 . Problem setting of a spherical membrane structure subjected to uniform internal pressure. Due to symmetry, only an eighth of the sphere is used in the isogeometric analyses. 
